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In this work, we generalize the lacunary almost bounded variation sequence spaces to
lacunary almost p-bounded variation sequence spaces. Also some topological results and
inclusion relations of such spaces have been discussed.
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1. Introduction
Let w be the set of all sequences real and complex and ℓ∞, c and c0 respectively be the Banach spaces of bounded,
convergent and null sequences x = (xn) normed by ‖x‖ = supn |xn|. Let D be the shift operator onw. That is,
Dx = {xn}∞n=1 , D2x = {xn}∞n=2 , . . .
and so on. It is evident that D is a bounded linear operator on ℓ∞ onto itself and that ‖Dk‖ = 1 for every k.
It may be recalled that Banach limit L is a non-negative linear functional on ℓ∞ such that L is invariant under the shift
operator, that is, L(Dx) = L(x) ∀x ∈ ℓ∞ and that L(e) = 1 where e = (1, 1, 1, . . .), (see, [1]).
A sequence x ∈ ℓ∞ is called almost convergent (see, [2]) if all Banach limits of x coincide.
Let cˆ denote the set of all almost convergent sequences. Lorentz [2] prove that
cˆ =

x : lim
m
dmn(x) exists uniformly in n

where
dmn(x) = xn + xn+1 + · · · + xn+mm+ 1 .
By a lacunary sequence θ = (kr)∞r=0 where k0 = 0, we shall mean an increasing sequence of non-negative integers with
kr − kr−1 → ∞ as r → ∞. The intervals determined by θ are denoted by Ir = (kr−1, kr ], and we let hr = kr − kr−1. The
ratio krkr−1 will usually be denoted by qr (see, [3]).
Recently, Das and Mishra [4] definedMθ , the set of almost lacunary convergent sequences, as follows:
Mθ =

x : lim
r→∞
1
hr
−
k∈Ir
(xk+i − l) = 0 uniformly in i and for some l

.
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In [5] we showed that the lacunary almost convergence is related to the space
∧
BV θ , the set of all sequences of the lacunary
almost bounded variation, in the samemanner as the almost convergence is related to the space
∧
BV , the set of all sequences of
almost bounded variation. It is quite natural to expect that the space
∧
BVθ can be extended to
∧
BVθ (p), the set of all sequences
of lacunary almost p-bounded variation, just as
∧
BV was extended to
∧
BV (p), the set of all sequences of almost p-bounded
variation, (see, [6]).
The main objective of this paper is to study relations among
∧
BVθ (p),
∧
BV θ (p) and
∧
BV (p) (the definitions are given below)
which happen to be complete paranormed spaces under certain conditions. Also some inclusion relations of such spaces
have been discussed.
We may remark here that the concept
∧
BV of almost bounded variation have been introduced and investigated by Nanda
and Nayak [7] as follow:
∧
BV =

x :
−
m
|tmn (x)| converges uniformly in n

where
tmn(x) = 1m (m+ 1)
m−
v=1
v (xn+v − xn+v−1) .
We put
ϕr,n(x) = 1hr + 1
kr+1−
j=kr−1+1
xj+n − 1hr
kr−
j=kr−1+1
xj+n.
When r > 1, straightforward calculation shows that
ϕr,n(x) = ϕr,n = 1hr (hr + 1)
hr−
u=1
u

xkr−1+u+1+n − xkr−1+u+n

.
By the same idea, we have
ϕr−1,n(x) = ϕr−1,n = 1hr (hr − 1)
hr−1−
u=1
u

xkr−1+u+1+n − xkr−1+u+n

.
In a sequel of this work, we will need the inequality given by (see; [8])
|ar + br |pr ≤ C
|ar |pr + |br |pr  (1.1)
where p = (pr) is a sequence of positive reals and C = max

1, 2H−1

, H = sup pr .
Now we introduce new sequence spaces as follows:
∧
BVθ (p) =

x :
−
r
|ϕrn(x)|pr converges uniformly in n

∧
BV θ (p) =

x : sup
n
−
r
|ϕrn(x)|pr <∞

.
Also we give the sequence space in [6] defined by
∧
BV (p) =

x :
−
m
|tmn(x)|pr converges uniformly in n

.
It is clear that
∧
BVθ (p) =
∧
BVθ ,
∧
BV θ (p) =
∧
BV θ and
∧
BV (p) = ∧BV if pr = 1 for all r ∈ N . Here and afterwards summation
without limits sum from 1 to∞.
2. Main results
It is now a natural question whether
∧
BVθ (p) =
∧
BV θ (p) for every θ . We are only able to prove that
∧
BVθ (p) ⊂
∧
BV θ (p) for
every θ . We have the following theorem.
Theorem 1. Let 1 ≤ pr <∞. Then
∧
BVθ (p) ⊂
∧
BV θ (p) for every θ .
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Proof. Suppose that x ∈ ∧BVθ (p). Then there is a constant R such that−
r≥R+1
|ϕrn|pr ≤ 1, (2.1)
for all n. Hence it is enough to show that, for fixed r .
|ϕrn|pr is bounded or equivalently that |ϕrn| is bounded. It follows from (2.1) that |ϕrn| ≤ 1 for r ≥ R+ 1 and all n.
But if r ≥ 2,
xkr+1+n − xkr+n = (hr + 1)ϕrn − (hr − 1) ϕr−1n. (2.2)
Applying (2.2) with any fixed r ≥ R+ 2 we deduce that
xkr+1+n − xkr+n
is bounded. Hence |ϕrn| is bounded for all r and n, which gives us more than we need. Thus the theorem is proved. 
WriteM = max(1,H), H = supr pr . For x ∈
∧
BVθ (p) define
h(x) = sup
n
−
r
|ϕrn|pr
 1
M
;
this exists because of Theorem 1. We now have
Theorem 2. Let 1 ≤ pr <∞. The space
∧
BVθ (p) is a complete linear topological space paranormed by h.
Proof. It can be proved by standard arguments that h is a paranorm on
∧
BVθ (p) and also, with the paranorm topology, the
space
∧
BVθ (p) is complete. As one step in the proof we shall only show that for fixed x, λx → 0 as λ→ 0. If x ∈
∧
BVθ (p), then
given ε > 0 there is a R such that, for all n−
r≥R+1
|ϕrn|pr ≤ ε. (2.3)
So if 0 < λ ≤ 1, then−
r≥R+1
|ϕrn(λx)|pr ≤
−
r≥R+1
|ϕrn(x)|pr ≤ ε, (2.4)
and since, for fixed R
R−
r=0
|ϕrn(λx)|pr → 0,
as λ→ 0, this gives the conclusion. 
If pr = r for all r , then h is a norm for r ≥ 1 and r- norm for 0 < r < 1.
Theorem 3. Let inf pr > 0. Then the space
∧
BV θ (p) is a complete linear topological space paranormed by h.
Proof. It can be proved by standard arguments. It may, however, be remarked that there is one difference between the
proof of Theorem 2. If we are given that x ∈
∧
BV θ (p)we cannot assert (2.3). We now use the assumption that inf pr > 0. Let
δ = inf pr > 0. Then for |λ| ≤ 1, |λ|pr ≤ |λ|δ , so that h(λx) ≤ |λ|δ h(x). The result clearly follows. 
Theorem 4. If lim inf qr > 1, then
∧
BV (p) ⊂ ∧BVθ (p).
Proof. Let x ∈ ∧BV (p). Since lim inf qr > 1, qr > 1+ δ for δ > 0. Then we have 1hr(hr + 1)
kr−
j=kr−1+1
(j− kr−1) (xj+n+1 − xj+n)

pr
≤
 1hr(hr + 1)
kr−
j=kr−1+1
j

xj+n+1 − xj+n

pr
.
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Also, by using the property of lacunary sequence and from (1.1), we have 1hr(hr + 1)
kr−
j=kr−1+1
j

xj+n+1 − xj+n

pr
≤ max 1, 2H−1  (kr + 1)krhr(hr + 1) 1(kr + 1)kr
kr−
j=1
j(xj+n+1 − xj+n)

pr
+
 (kr−1 + 1) kr−1hr (hr + 1) 1(kr−1 + 1) kr−1
kr−1−
j=1
j(xj+n+1 − xj+n)

pr
.
As in [5] we get, for r ≥ 2
−
r
 1hr(hr + 1)
kr−
j=kr−1+1
(j− kr−1)

xj+n+1 − xj+n

pr
≤ K1
−
r
 1kr(kr + 1)
kr−
j=1
j(xj+n+1 − xj+n)

pr
+ K2
−
r
 1kr−1 (kr−1 + 1)
kr−1−
j=1
j(xj+n+1 − xj+n)

pr
,
where K1 = max(1, 2H−1)
 1+δ
δ
2H
and K2 = max(1, 2H−1)
 1
δ
2H
.
Since the sum on the left converges to any limit uniformly in n, each of the sums on the right also converges to any limit
uniformly in n. So we get x ∈ ∧BVθ (p). This completes the proof. 
In the following theorem we give the inclusion relation between the spaces
∧
BVθ and
∧
BV . Later on, we generalize this
result for the spaces
∧
BVθ (p) and
∧
BV (p).
Let us define the set
Bθ =

x = (xn) ∈ w :

xn+kr+1 − xn+kr−1+1

is bounded for every θ and uniformly in n

.
Theorem 5. If lim sup qr <∞, then
∧
BVθ ∩Bθ ⊂
∧
BV .
Proof. Suppose that lim sup qr < ∞. Then qr < H for r ∈ N . Choose subsequence mr of positive numbers such that
kr−1 < mr < mr + 1 ≤ kr . Let x ∈
∧
BVθ . Then we have
1
mr(mr + 1)
mr−
j=0
j

xj+n+1 − xj+n
 ≤ 1
(kr−1)2
kr−
j=0
j(xj+n+1 − xj+n)
≤ 1
(kr−1)2

kr−1−
j=0
j(xj+n+1 − xj+n)+
kr−
j=kr−1+1
j(xj+n+1 − xj+n)

.
Since
∑kr−1
j=0 j(xj+n+1 − xj+n) = −xn+1 − xn+2 − · · · − xn+kr−1 for all n, we have
1
mr(mr + 1)
mr−
j=0
j

xj+n+1 − xj+n
 ≤ 1
(kr−1)2
kr−
j=kr−1+1
j(xj+n+1 − xj+n)
≤ 1
(kr−1)2
hr−
j=1
(j+ kr−1)

xj+n+kr−1+1 − xj+n+kr−1

≤ 1
(kr−1)2
hr−
j=1
j

xj+n+kr−1+1 − xj+n+kr−1
+ 1
kr−1
hr−
j=1

xj+n+kr−1+1 − xj+n+kr−1

≤ hr(hr + 1)
(kr−1)2
1
hr(hr + 1)
hr−
j=1
j

xj+n+kr−1+1 − xj+n+kr−1
+ xn+kr+1 − xn+kr−1+1
kr−1
.
Next, we do some calculations to complete the proof of the theorem. First we use the inequality 1− kr−1 < kr and then
we have
hr(hr + 1)
(kr−1)2
=

kr − kr−1
kr−1

kr − kr−1 + 1
kr−1

< 2 (qr − 1) qr < M.
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Let

xn+kr+1 − xn+kr−1+1

< K . Thus we write the following inequality, for r ≥ 2,
−
r=2
 1mr(mr + 1)
mr−
j=0
j(xj+n+1 − xj+n)
 ≤ M−
r=2
 1hr(hr + 1)
hr−
j=1
j

xj+n+kr−1+1 − xj+n+kr−1
+ K−
r=2
1
kr−1
.
Consequently we get
∧
BVθ ⊂
∧
BV . 
Finally we conclude this paper with the following theorem.
Theorem 6. If lim sup qr <∞, then
∧
BVθ (p) ∩ Bθ ⊂
∧
BV (p).
Proof. From the above theorem, we have[
hr(hr + 1)
(kr−1)2
]pr
< [2 (qr − 1) qr ]pr < M2 (2.5)
and 
xn+kr+1 − xn+kr−1+1
pr ≤ M1. (2.6)
By using (2.5), (2.6) and (1.1), we can write for r ≥ 2,−
r=2
 1mr(mr + 1)
mr−
j=0
j(xj+n+1 − xj+n)

pr
≤ K3
−
r=2
 1hr(hr + 1)
hr−
j=1
j(xj+n+kr−1+1 − xj+n+kr−1)

pr
+ K4
−
r=2

1
kr−1
pr
,
where K3 = max(1, 2H−1)M2 and K4 = max(1, 2H−1)M1.
Hence we obtain that
∧
BVθ (p) ⊂
∧
BV (p). This completes the proof. 
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